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Motivation
• Applications:
• Robotics
• Flow	control

• Energy	harvesting
• Optical	switches
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Figure:	iSprawl robotic	platform1.		Membrane	actuators	control	leg	stiffness	
allowing	for	dynamic	adaptation	to	different	terrains.
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Figure:	Wind	tunnel	experiments	with	deformable	dielectric	membrane2.		By	
adjusting	the	membrane	stiffness,	the	wing	profile	subsequently	changed	its	
shape	and	altered	the	flow	characteristics.

1.	Newton,	J.,	“Design	and	Characterization	of	a	Dielectric	Elastomer	Based	Variable	Stiffness	Mechanism	for	Implementation	onto a	Dynamic	Running	Robot,”	(2014),	Figure	2.11	and	
Figure	4.5.
2.	Hays,	et	al.	"Aerodynamic	Control	of	Micro	Air	Vehicle	Wings	Using	Electroactive	Membranes,"	J.	Mater.	Syst.	Struct.,	v.	24(7),	pp.	862-878,	2013.

Figure:	Out	of	plane	expansion	of	elastomer	as	a	result	of	transverse	field.
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Experimental	Observations
• Hysteresis
• Stress	response	decays
• Recovery
• Steady	state
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Figure:	Cyclic	loading	of	VHB	4910	at	!"
!#
= 0.67	𝐻𝑧.	Steady	state	hysteresis	observed	by	

the	12th cycle.

Cycle	12

Cycle	2

Cycle	3

Cycle	1
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Experimental	Observations
• Steady	state	hysteresis
• Rate-dependence
• Uncertainty
• Measurement
• Specimen	variability
• Difficult	to	model
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Figure:	Steady	state	hysteresis	loops	from	all	stretch	rates	tested.
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Theory:
• Total	Energy	Density:		𝜓 = 𝜓- 𝐹/0, Θ + Υ(𝐹/0, Θ, 𝜉/0)
• 𝐹/0 - deformation	gradient
• Θ - temperature
• 𝜉/0 - set	of	non-conserved	internal	strains

• Conserved,	hyperelastic energy	function1

𝜓- =
1
6𝐺:𝐼< − 𝐺:𝜆?@A

B log 3𝜆?@AB − 𝐼< + 𝐺GH(𝜆I +
1
𝜆I
)

�

I

• Non-conserved	nonlinear	energy	function:

Υ =
1
2𝛾𝜉/0𝜉/0 	− 𝛽-

𝜕𝜓-
𝜕𝐹/0

𝜉/0 + 𝛽-𝜓-
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1.		Davidson,	Jacob	D.,	and	N.	C.	Goulbourne.	"A	nonaffine network	model	for	elastomers	undergoing	finite	deformations."	Journal	of	the	Mechanics	and	Physics	of	Solids	61.8	
(2013):	1784-1797.	

•Model	Parameters
• 𝐺: - Crosslink	modulus
• 𝐺G - Entanglement	
modulus
• 𝜆?@A - Maximum	
extension	of	affine	tube
• 𝛾 - Proportional	to	
viscosity	of	polymer	
network
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Theory:
• Nominal	Stress

𝑠/0 =
𝜕𝜓P
𝜕𝐹/0

=
𝜕𝜓-
𝜕𝐹/0

− 𝑝𝐽𝐻/0 +
𝜕Υ
𝜕𝐹/0

• Viscoelastic	constitutive	law:1,2

𝑄/0T = 𝜂
𝑑𝜉/0
𝑑𝑡 → 𝑄/0 = 𝜂𝐷#Z𝑠/0-

• Viscoelastic	Stress
𝜕Υ
𝜕𝐹/0

= 𝛽- 𝑠/0- −
𝜕𝑠/0-

𝜕𝐹/0
1
𝛾 𝛽-𝑠/0- − 𝜂𝐷#Z𝑠/0-
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Figure:	Fractional	order	spring-dashpot	system.		As	the	fractional	order	
approaches	0	the	system	behaves	like	a	dashpot.		Likewise,	as	the	fractional	
order	approaches	1	the	system	behaves	like	a	spring.

1.	Miles,	P.,	Hays,	M.,	Smith,	R.,	Oates,	W.,	“Bayesian	Uncertainty	Analysis	of	Finite	Deformation	Viscoelasticity.”Mechanics	of	Materials,	2015,	Vol.	91,	pp.	35-49.
2.	Mashayekhi,	S.,	Miles,	P.,	Hussaini,	M.	Y.,	Oates,	W.,	”Fractional	Viscoelasticity	in	Fractal	and	Non-Fractal	Media:	Theory,	Experimental	Validation,	and	Uncertainty	
Analysis.” Journal	of	the	Mechanics	and	Physics	of	Solids,	2017,	Vol.	111,	pp.	134-156.

ASME	- SMASIS
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Fractional	Derivative
• Riemann-Liouville Definition:

𝐷#Z 𝑓 𝑡 = 	 <
\(]^Z)

!_

!#_ ∫
a(b)

#^b cdef_ 𝑑𝑠
#
g ,

where	𝑛 = 	 𝛼 .
• Consider	regime	where	𝛼 ∈ 0,1 → 𝑛 = 1.

𝐷#Z 𝑓 𝑡 = 	
1

Γ(1 − 𝛼)
𝑑
𝑑𝑡l

𝑓(𝑠)
𝑡 − 𝑠 Z 𝑑𝑠.

#

g
• Singularity	at	upper	integration	limit.
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Fractional	Derivative:
Numerical	Approach

𝐷#Z 𝑓 𝑡 = 	
1

Γ(1 − 𝛼)
𝑑
𝑑𝑡l

𝑓(𝑠)
𝑡 − 𝑠 Z 𝑑𝑠.

#

g
• Grünwald-Letnikov (GL):	Reference	– Extended	Precision

𝐷mnZ 𝑓 𝑡 = lim
q→g

1
ℎZ H −1 ? 𝛼

𝑚

�

gt?u-

𝑓(𝑡 − 𝑚ℎ)

• Finite	Difference-Quadrature	Approach:
𝐹 𝑡 =

1
Γ 1 − 𝛼

𝑑
𝑑𝑡l

𝑓 𝑠
𝑡 − 𝑠 Z 𝑑𝑠 → 𝐷Z[𝑓 𝑡 ] =

𝑑
𝑑𝑡 𝐹 𝑡 ≈

𝐹 𝑡Iy< − 𝐹 𝑡I
𝑡Iy< − 𝑡I

#

g
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Fractional	Derivative:
Numerical	Approach
• Function:	𝑓 𝑡 = exp	(2𝑡)

𝐹 𝑡Iy< = 𝜒 ∫ a b
#~de^b

c 𝑑𝑠
#~de
#�

• Area	under	the	curve

𝐷Z 𝑓 𝑡 =
𝑑
𝑑𝑡 𝐹 𝑡 ≈

𝐹 𝑡Iy< − 𝐹 𝑡I
𝑡Iy< − 𝑡I
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Quadrature	Methods
• Riemann-Sum	(RS):

𝐹 𝑡Iy< = 𝜒∫ a b
#~de^b

c 𝑑𝑠 ≈ 𝜒∑ a #�de ya(#�)
B ∫ 𝑡Iy< − 𝑠

^Z𝑑𝑠#�de
#�

I
��g

#~de
#�

• Gaussian	Quadrature	(GQ):

𝐹 𝑡Iy< = 𝜒l
𝑓 𝑠

𝑡Iy< − 𝑠
Z 𝑑𝑠 = 𝜒H 𝑡Iy< − 𝑡/

^Z𝑓(𝑡/)𝑤/

��

/�<

#~de

#�

• Gauss-Laguerre	Quadrature	(GLQ):	Requires	extended	precision!

𝐹 𝑡Iy< = 𝜒l
𝑓 𝑠

𝑡Iy< − 𝑠
Z 𝑑𝑠 = 𝜒 𝑡Iy< − 𝑡g

<^Z l
𝑓 𝑡Iy< − 𝑡g 𝑠 + 𝑡g

1 − 𝑠 Z 𝑑𝑠
<

g

#~de

#�

Substitute	b� #^#�
#~de^#�

;	!#� #~de^#� !b;	b #�#� �g,	b #�#~de �<	
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1
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Convergence	Analysis
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Method
𝑫𝑹𝑳𝟎.𝟗 𝐟 𝐭 = 𝐞𝐱𝐩 𝟐𝐭 = 𝟏𝟑. 𝟖𝟏𝟓
𝑵 =	8 𝑵 =	16 𝑵 =	24 𝑵 =	32

Grünwald-Letnikov
(GL) 12.185 13.019 13.289 13.422

Riemann-Sum	(RS) 10.796 12.342 12.849 13.099

Gaussian	
Quadrature	(GQ) 5.028 5.673 6.014 6.244

Gauss-Laguerre	
Quadrature	(GLQ) 12.856 13.771 13.816 -

Table:	Convergence	analysis	using	different	quadrature	methods	for	
the	Riemann-Liouville fractional	derivative	with	𝛼 = 0.9.

Figure:	Convergence	analysis	using	different	quadrature	
methods	for	the	Riemann-Liouville fractional	derivative	
with	𝛼 = 0.9 for	the	test	function:	𝑓 𝑡 = exp	(2𝑡).



Hyperelastic Stress
• Hybrid	approach:
• Optimal	quadrature	far	from	
singularity
• Special	quadrature	near	singularity
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l
𝑓(𝑠)
𝑡 − 𝑠 Z 𝑑𝑠 = l

𝑓 𝑠
𝑡 − 𝑠 Z 𝑑𝑠

#^��

#�
m 

+ l
𝑓 𝑠
𝑡 − 𝑠 Z 𝑑𝑠

#

#^��
¡¢

#

#�



Analysis	of	Hybrid	Methods
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Method
𝑫𝑹𝑳𝟎.𝟗 𝒔-

Rel.	Error CPU-Time	(sec)

Grünwald-Letnikov (GL) - 1.19

Riemann-Sum	(RS) 1.88e-1 1.13

Gaussian, Riemann-Sum	
Quadrature	(GQRS) 2.05e-1 0.27

Gaussian,	Gauss-
Laguerre	Quadrature	

(GQGL)
1.09e-1 1.63

Table:	Analysis	of	hybrid	quadrature	methods	for	the	Riemann-
Liouville fractional	derivative	of	hyperelastic stress	with	𝛼 = 0.9.

Figure:	Fractional	derivative	of	hyperelastic stress.



Conclusions	&	Future	Work:	
• Tested	various	numerical	procedures	for	approximating	fractional	
derivatives.
•Gaussian	Quadrature,	Riemann-Sum	(GQRS)	maintained	accuracy	
with	significant	computational	improvements.
• Sensitivity	analysis:	hyperelastic and	viscoelastic	parameters
•Quantify	uncertainty	in	sensitive	parameters	using	experimental	
data.
• Explore	material	dependence	for	fractional	order.
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